freely jointed chain for Force-extension curves

Why we study this subject?

> f

In the presence of a force, F, the segments tend to align in the direction of the force.

Opposing the stretching is the tendency of the chain to maximize its entropy.
Extension corresponds to the equilibrium.

We want know that relation of the external force and the entropic elastic force of the chain.



Freely jointed chain model (briefly)
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Head in one direction for length a a= Kuhn length = 0.5P
then turn in any direction for length a where P= Persistence Length

Completely straight, unstretchable.
No thermal fluctuations away from straight line are allowed

The polymer can only disorder at the joints between segments



Worm-like chain model(briefly)

<f(s) -f(0)> =< 05 O(s) >=e /"

—S— S is tangent vector at a distance

6 is between a vector that is tangent
to the polymer

p= persistence length

length over which statistical segments remain
directionally correlated in space

Directed random walk"- segments are correlated, polymer chains intermediate
between a rigid rod and a flexible coil (e.g. DNA)

takes into account both local stiffness and long range flexibility

chain is treated as an isotropic, homogeneous elastic rod whose trajectory

varies continuously and smoothly through space as opposed to the jagged
contours of the FJC



Distribution of end to end vectors

be the number of different possible trajectories for a position x in N steps

W(N X)=(N*+N‘)!— N NI1=1.2-3-4.--N
| NINCE (N +x) /2] [(N=x)/2]!

Each step has two possibilities, which are independent from step to step

W(N,x) 1 N !
2N 2N [(N +x)/2]![(N—x)/2]! Vel N Ne3 v
x=— 0 0 0 1
x=-3 0 0 | 0
probability distribution function x=-2 0 1 0 4
x=—1 1 0 3 0
x=0 0 2 0 6
1 X2 2 0 1 o 4

P.(N,X)= exp| —— =3
= en| - =SSR



Rewrite probability distribution function in 1-D

P,(N,R exp — R, - exp(— szj
‘ \/272' R’ 2<Rx2> V27rNa’ 2Na’

Probability distribution function in 3-D

P3d (N J I:_é)dRdeydRz = P1d (N J Rx)dePld (N J R )dRyPld (N’ Rz)dRz
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Free energy of FJC model

1-D case

Entropy S is
S=kInQ

K : Boltzmann constant , Q : number of states

Q(N, |:§) as the number of conformations of a freely jointed chain of N monomers
with end to end vector R

rRewrite Sis S(N,R) =k InQ(N,R)

The probability distribution function is the fraction of all conformations
that actually have an end to end vector R between R and R+dR

Q(N,R)

Pld(N’R):jQ(N,F“z)dﬁ




Probability distribution is

P,(N,R) = L exp| - AN ex(— RXZ]
T ey L 2R Ve L 2Na?

We obtain entropy

- 1, R*| 1 1 -
S(N,R)=—=k——+=klIn +kIn| [Q(N,R)dR
(N.R) 2 Na?| 2 (ZﬂNazj U (N.R) }

v

Depend only on the number of monomers N S(N : O)

Helmholtz free energy of the chain

F(N,R)=U(N,R)-TS(N,R)

We obtain free energy = (N O) Y (N 0) _TS (N O)
—>2 ] ] ]
F (N , F_é) — E kT R +F (N , 0) Free energy of the chain
2 a2 Both ends at the same point



Finally, we obtain the force-extension equation

~OF(N,R) kT ~ _KT[ R
' oR Na’> * a (R __

X

f

This is like a simple elastic spring

3-D case (using same method such as 1-D case)

- OF(N,R) 3KkT =
f = > ="—R
OR Na

This equation also like a simple elastic spring



Other calculate

Partition function is

The sum of the Boltzmann factors over all possible conformations of the chain

The sum over all possible conformations of a freely jointed chain corresponds to the
integral over all possible orientations of all bond vectors of the chain

Z=>) exp(— j:jexp( f jli[sin 6dode.

RZ
states kT

KT
notation [[)., denotes the product of N terms

Z component of the end-to-end vector can be represented as the sum of the projections of
all bond vectors onto the z axis

R, = ZN:acosQi
i=1



Calculate partition fuction

. N N
Z(T,f,N)= exp(g—?ZcosQJHsin 6,d0de,
) i=1 i=1

N
T fa
— _J'O 27siné exp(ﬁizl:cosé’ijdei

(el o]
fal (KT) KT KT

[ 4zsinh(fa/(kT) T

- fa/ (KT)

Gibbs free energy G can be directly calculated from partition function

G(T,f,N)=—KTInZ(T, f,N)=—-KTN {In[4ﬂsinh (ED—IH(EH
KT KT



Average end to end distance P AR
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WLC force versus extension
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This is asymptotically exact in the large and small force limits

140 L T I I IIZI\‘ T T H’Tl
g ]
0.8 L — exact —
- —--interpolation ]

;F A
0.6 — —
[ .

] / i

— "r -
04 — / i
_ /1 4

/ i

- v i

- ‘//" -
02— —_
OO r— \;! 1 | | I'] A I ‘llJJ_Fj 1 II%

1072 1071 10° 10!
force fA/kgT

[,=32.8 1

lor

extension 2/L

| T 1 \\llle

T T LILRLLE]

0.5

12 {[ky T/nm] %)

H LIJH‘

30
extension z {(u)

107!

10°¢

force f (kT/nm)

10!



